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An area of considerable industrial concern is the phenomenon of particulate aggregation
and breakage in chemical and biochemical process systems such as crystallization [1], uidiz-
ation [2] and activated sludge occulation [3]. Population balance equations (PBEs) are widely
used to describe the evolution of the particle size distribution (PSD) in the above mentioned
processes [1, 3]. These PBEs are integro-partial dierential equations which seldom have
analytical solutions. This study details several homotopy approaches namely, the Homotopy
Perturbation Method (HPM), the Optimal Homotopy Asymptotic Method (OHAM) and the
Homotopy Analysis Transform Method (HATM) to obtain approximate analytical solutions
for the Population Balance Equation (PBE) involving particulate aggregation and breakage.
Using symbolic computation several case studies have been considered and the numerical
results have been compared with the analytical solutions obtained from the literature.
The most common approximate solutions for dierential equations in the literature in-
volve various asymptotic expansions. There are, however, practical problems associated with
this. Instead of trying to develop the asymptotic solutions of a dierential equations, it is often
more convenient to nd an integral expression for the solution and then seek an asymptotic
expansion afterwards. This thought gives rise to some novel methods such as Homotopy Per-
turbation method (HPM) [5] and more recent frequently used variants such as Optimal Homo-
topy Asymptotic method (OHAM) [6] and Homotopy analysis transform method (HATM) [7],
which are based on the same homotopy theory.
We consider a problem with simultaneous aggregation and breakage for which analyt-
ical solution is available [4]. As can be seen in Figure 1, solutions provided by all the methods
match reasonably well with the analytical solution. In Figure 1, it can be observed that a com-
paratively better match with the analytical solution is obtained via OHAM. This is because
OHAM additionally uses the best approximation (or optimal error) mechanism which is ob-
tained by optimizing the residual to determine fabricated parameters. OHAM may be used
for other more complex realistic physical problems in the future.
Figure 1: The solution are given for S = 0.25 at t = 1.
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